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Abstract: Let T be any finitely generated infinite group. Denote by K(T) 
the FC-centre of T, i.e, subgroup of all elements of T whose centralizers are 
of finite index in T. Let QI(T) denote the group of quasi-isometries of T 
with respect to a word metric. We observe that the natural homomorphism 
#r : Aut{T) — >QI(T) is a monomorphism only if K(T) equals the centre 
Z(T) of T. The converse holds if K(T) = Z(T) is torsion free. When K(T) 
is finite we show that 8^ is a monomorphism where T = T/K(T). We apply 
this criterion to many interesting classes of groups. 
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1 Introduction 



Let / : X — >X' be a map (which is not assumed to be continuous) be- 
tween metric spaces. We say that / is a (A, e)-quasi-isometric embedding 
if \~ l d(x,y) — e < d'(f(x),f(y)) < Xd(x,y) + e for all x,y G X. Here 
A > 1, e > 0; d, d' denote the metrics on X, X' respectively. If, further, 
there exists a constant C > such that every x' G X' is within distance 
C from the image of /, we say that / is a (A, e)-quasi-isometry. If / is a 
(A, e)-quasi-isometry then there exists a quasi-isometry /' : X' — >X (possi- 
bly for a different set of constants A', e', C) such that f'of (resp. / o /') is 
quasi-isometry equivalent to the identity map of X (resp. X'). (Two maps 
f,g : X — >X' are said to be quasi-isometrically equivalent if there exists 
a constant c such that d'(f(x), g(x)) < c for all x G X.) Let [/] denote 
the equivalence class of a quasi-isometry / : X — >X. The set QI(X) of all 
equivalence classes of quasi-isometries of X is a group under composition: 
[f]-[g] = [f ° g] for [/], [g] G QI(X). If X' is quasi-isometry equivalent to X, 
then QI(X') is isomorphic to QI(X). 

Let T be a group generated by a finite set A. One has the word metric 
d,A (or just d) where d(7, 7') is the length (with respect to A) of 7 _1 7' for 
7,7' G T. Note that dA is left invariant. If B is another finite generating 
set then the metric spaces (r, d^) and (r, ds) are quasi-isometric to each 
other. The group QI(T), which does not depend on the choice of the finite 
generating set, is an invariant of the quasi-isomorphism type of T and is an 
important object of study in geometric group theory initiated by M.Gromov 
jHj- We refer the reader to pQ for basic facts concerning quasi-isometry. 

Let fo : T' Q — >Tq, f\ : 1^ — >T" be isomorphisms of groups where T" are 
finite index subgroups of V . One has an equivalence relation where fo ~ f\ 
if there exists a subgroup r' C T' D r' x which is of finite index in T such 
that /o(7) = /i(7) for all 7 G T'. The equivalence classes are called a 
virtual automorphisms of T. The set of all virtual automorphisms of T form 
a group Vaut(T) where [g}.[f] = [g> o /'] where / : T ^T'>,g : r x — >r'/, 
f = f \ f-^T"), g' = g I T" with T" = rg n r;. For example, it can 
be seen that VautiTI 1 } = GL(n,Q). If T has no finite index subgroups, 
then Vaut{T) = Aut(T). If T and T' are commensurable, then Vaut(T) 
and Vaitt(r') are isomorphic. For a finitely generated group T, it is easy 
to show that Vaut(T) is countable. In general, these groups are expected 
to be 'large'. However F.Menegazzo and J.Tomkinson jHj have constructed a 
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group having uncountably many elements whose virtual automorphism group 
is trivial. However, no finitely generated infinite group with trivial virtual 
automorphism group seems to be known. 

Since r" > T is a quasi-isometry for any finite index subgroup T' of 
T, any [/] G Vaut(T) yields an element [/] G QI(T). This leads to a ho- 
momorphism of groups 77 : Vaut{T) — >QI(T) which is easily seen to be a 
monomorphism. See lemma 12.11 below. Also one has natural homomor- 
phisms of groups a : Aut{T) — >Vaut{T) and 9 : Aut{T) — >QI(T), which 
factors through a. It is easy to find finitely generated infinite groups for 
which a is not a monomorphism. (For example let r = V x T" where 
3 < |r'| < 00 and T" any finitely generated infinite group.) F.Menegazzo 
and D. J.S.Robinson j7j have characterized finitely generated (infinite) groups 
for which a is the trivial homomorphism. We shall obtain some very gen- 
eral criteria for 9 : Aut{T) — >QI(T) to be a monomorphism and apply it to 
different classes of groups. 

Let K(T) denote the the FC-centre of T, i.e., K(T) is the subgroup of 
T consisting of all 7 G T whose centralizer C(j) C T is of finite index in T. 
Clearly ZiY) C K{Y). 

Our main results are: 

Theorem 1.1. Let V be a finitely generated infinite group. If 9 : 
Aut(T) — >QI(T) is a monomorphism then K(T) = Z(T). The converse 
holds if K(T) = Z(T) is torsion free. 

Theorem 1.2. Let T be any finitely generated infinite group such that K(T) 
is finite. Then 9^ : Aut(T) — >QI(T) is a monomorphism where T = T/K . 

We prove the above theorems in §2. In §3, we apply the above results to 
some interesting classes of groups which arise in combinatorial and geometric 
group theories. 

Acknowledgments: The authors wish to thank the referee for his/her valu- 
able comments. 



2 The FC-Centre 

We assume throughout that T is a finitely generated infinite group with 
the word metric relative to a (fixed) finite generating set. If V C T is the 
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inclusion of a finite index subgroup in T we identify QI(V) with QI(T) via 
the isomorphism induced by the inclusion r'cT. 

Lemma 2.1. Let T be a finitely generated infinite group, (i) Let ip : V — >T" 
be an isomorphism between finite index subgroups T',T" of V . Then [ip] G 
QI(T) is trivial if and only if the set S = { i p('y) r y~ 1 | 7 G T'} is finite, (ii) 
The natural map Vaut(T) — >QI(T) is a monomorphism. 

Proof: (i) Note that S C T is finite there exists an R > such that 

rf(l,^(7~ 1 )7) < R for all 7 G T' -<=>• d(ip(j), 7) < R for all 7 G P\ 
Since T' is of finite index in T, the last statement is equivalent to ip being 
quasi-iso metrically equivalent to the identity map of T. 

(ii) Suppose that [ip] = 1 in QI(T). By part (i), the set S is finite. We claim 
that |T" : H] = \S\ where H = Fix((p) whence the element [<p] G Vaut(T) 
is trivial. To see the claim, note that jiH = l\ 1 l2 £ H <^=^> 

¥ , (7i)~V(7a) = 7i _1 72 ^(72)7 2 _1 = ^(7i)7f 1 - D 

As an immediate consequence we get: 

Corollary 2.2. TTie canonical homomorphism 6 : Awt(r) — >QI(T) is a 
monomorphism if and only if Fix(<p) has infinite index in V for all ip 7^ 1 in 
Aut(T). □ 

Definition 2.3. (Cf. An automorphism ip : T — >T is said to be 

bounded if Fix(ip) has finite index in T. (Equivalently ip is bounded if the 
set {ipi^)^" 1 I 7 G T} is finite.) 

For 7 G T, denote by C(j) the centralizer of 7, i.e., C(-y) = {7' G 
p I 77' = 7'7}. Recall that the FC-centre of T is the subgroup K(T) = 
{7 G r I [r : (7(7)] < 00}. The FC-centre is a characteristic subgroup of 
T. It equals the subgroup of those elements of T having only finitely many 
conjugates in T. Note that 7 G K(T) if and only if conjugation by 7, i 7 , 
is a bounded automorphism. The set of all bounded automorphisms of T is 
a normal subgroup of Aut(T) which is, from what has been proven already, 
precisely ker(0). 

Lemma 2.4. If an automorphism ip : V — >T is bounded, then for any 7 G T, 
the element tp('-f)'-f~ 1 belongs to K(T). In particular, 9 : Aut{T) — >QI(T) is 
a monomorphism if K{T) — {!}. 
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Proof: Let 7 G T and let 71 G Fix((p) C\'~yFix((p)'y l . Then ^(7) lr Yi l p( r y) = 
vKt^MtiMt) = ^(7 _1 7i7) = 7 _1 7i7- Therefore 7< y ?(7)- 1 7i = 
7i7<£>(7)~ 1 , i.e, 71 G C^y?^) -1 ) = C(y?(7)7 -1 ). Thus the subgroup 
Fia;(<p) n 7 _1 Fix(^)7 C C(v?(7)7 _1 ). It follows that C (<f("f)j~ l ) has fi- 
nite index in T and so (fiij)^" 1 G i^(r). The second assertion of the lemma 
now follows immediately from corollary 12.21 □ 

Corollary 2.5. If 9\Inn{T) is a monomorphism then K(T) = Z(T). If, in 
addition, Z(T) is trivial, then 9 itself is a monomorphism. 

Proof: Note that 9([l 7 ]) = 1 ^ [T : C( 7 )] < 00 ^ 7 G K(T). It 
follows that if 9\Inn(T) is a monomorphism then K(T) = Z(T). The second 
assertion follows from lemma l2~4l □ 

Proof of Theorem II. H Suppose that 9 is a monomorphism. The above 
corollary shows that K(Y) = Z(T). 

Now suppose that T is such that K(T) = Z(T) is torsion free. Let 
9([if\) = 1 G QI(T). Define A : T — >T as A( 7 ) = tp^j' 1 for 7 G T. 
By lemma 12.41 and by our hypothesis that K(T) = Z(T), we see that 
Im (A) C Z{T). It follows that A is a homomorphism of groups. Indeed 

A(7i)A(7 2 ) = ^(7i)7 1 "V(72)7 2 ~ 1 = vMvirto)!* 1 !! 1 = ^(TiTaXTiTa) -1 = 
-^■(7172)- Since by lemma l2~D Im (A) C Z(T) is a finite subgroup and since 
Z(Y) is torsion free by hypothesis, it follows that A is the trivial homomor- 
phism and hence p = id. 

Proof of Theorem 11.21 In view of theorem 11.11 it suffices to show that 
K(T) = {1}. To get a contradiction, assume that K(T) 7^ {1}. Then there 
exists a 7 G T \ K such that C(7; K) := {7' G r|[7,7'] G K} is a finite 
index subgroup of T. Now let H = C(-y;K) n (P) 1<i<A . C(7i)), where .K" = 
{71, • • • , 7^}. Note that H is of finite index in T. Now the map 7' 1— > [7, 7'] 
defines a homomorphism ip : H — >K. Since is finite, Ker(ip) has finite 
index in H and hence in V. But then Ker(ip) is evidently a subgroup of 
(7(7). This forces 7 G K, contrary to our hypothesis. Hence K(T) = 1. By 
lemma EU 9 : Aut{T) — >QI(T) is a monomorphism. □ 

3 Examples 

There are many interesting class of finitely generated infinite groups for which 
#r : Aut(T) — >QI(T) is a monomorphism. In this section we give examples 
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which arise in combinatorial group theory and geometric topology. Through- 
out we assume that T is finitely generated and infinite. 

Example 3.1. Hyperbolic groups, C"(l/6)-groups, etc. Clearly if T is 
a (finitely generated) group having no finite quotients then #r is a monomor- 
phism. B.Trufflaut ^3] has shown that in any C"(l/6)-group T, centralizer 
of any non-trivial element is cyclic. It follows that if T is such a group and 
is not virtually cyclic then K(T) = 1 and so 9 is a monomorphism. Note 
that if T does not contain a subgroup isomorphic to Z 2 and is not virtually 
cyclic (e.g. a non-elementary (word) hyperbolic group) then K(T) is a tor- 
sion group. If i^(r) is finitely generated, then it has to be finite since every 
element of K(T) has only finitely many distinct conjugates. It follows that 
#p is a monomorphism. 

Now suppose T is 5-hyperbolic. We claim that K(T) is finite, so that % is 
a monomorphism. Indeed, any element of K(T), being torsion, is conjugate 
to an element in the (45 + 2)-ball B about 1 £ V. (See p. 460, lj.) Since 
K(T) is normal, it follows that K(T) is the union of T-conjugates of the finite 
set B fl K{T). Since each element of K{T) has only finitely many conjugates 
in T, it follows that K{T) has to be finite. (When V is torsion free, the 
assertion that 9r is a monomorphism also follows from theorem 11.11 since 
K{V) = 1 = Z{V).) 

However, if T is a torsion free CAT(O) group, then 9r is not always a 
monomorphism. For example when T is the fundamental group of the Klein 
bottle, #r is not a monomorphism. See remark l3~o1 below. 

Example 3.2. Lattices in Lie groups (i) Let T be a lattice in a simply 
connected nilpotent Lie group N. We claim that 9 is a monomorphism. 
Indeed if ip £ AutiT) fixes a finite index subgroup V of T, then T' is also a 
lattice in N. It follows from Cor. 1, p. 34 of ^U] that the unique extension 
(p : N — >N of (p has to be the identity of N. Thus ip itself has to be the 
identity automorphism. Therefore 9 : Aut(T) — >QI(T) is a monomorphism. 

(ii) Let T be a lattice in a real semisimple Lie group G without compact 
factors. Then the FC-centre of T is contained in the centre of G by Cor. 
5.18, p.84, HH|. It follows that K(T) = ZiY) C Z(G). Since the centre of G 
is a finite subgroup, theorem |l.2l implies that 9^ is a monomorphism. 

When r C G is an irreducible non-uniform lattice and G ^ SX(2, R), 
it is known from the work of B.Farb, R.Schwartz, and A.Eskin that QI{T) 
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is isomorphic to the commensurator of T in G, which is actually equal to 
Vaut(T). See j2] and the references therein. This is due to the fact that any 
virtual automorphism of T can be lifted to an automorphism of G. When 
G = SL(2, M), then T has a finite index subgroup which is free of finite rank 
is hence quasi-isomorphic to a free group of rank 2. (When T is a uniform 
lattice, then by Svarc-Milnor lemma, QI(T) = QI(G) = QI(G/K) where K 
is a maximal compact subgroup of G.) 

Example 3.3. Infinite dihedral group When \Ti\ — 2 for i = 1,2, T is 
the infinite dihedral group (x, y\x 2 = l,xyx = y~ x ). The FC-centre of V is 
the infinite cyclic group generated by y whereas the centre is trivial. Thus 
9 is not a monomorphism. Indeed the kernel of 9 is the infinite cyclic group 
generated by the automorphism : Y — >T defined as <p(x) = xy, ip(y) = y. 

Note that the infinite dihedral group is isomorphic to the free product 
(Z/2Z) * (Z/2Z). 

Example 3.4. Free product with amalgamation Suppose that V decom- 
poses non-trivially as a free product with amalgamation: Fx *r ^2 where at 
least one of the indices |I\ : r | > 3. Then 
Claim: K(V) = ZiY) = Z{V X ) n Z(T 2 ) n T . 

Proof: We begin by showing that K(T) C To- Assume that 7 is cyclically 
reduced. If 7 ^ Ti U T 2 , we can write 7 = 71 • • • 72^ where no two successive 
elements in the expression belong to the same Tj. Replacing 7 by 7 _1 if 
necessary, we have 721-1 & r\ \ r ,72i G T 2 \ T . Since [Ti : T ] > 3, there 
exists an a e T 1 such that a _1 7i ^ r . Let b G T 2 \ T . Then for any m > 0, 
(ab)~ m 'y(ab) m is reduced as written. So 7 has infinitely many conjugates. 
This is a contradiction. 

Assume 7 = 71 G I\ \ r . With a, b as in the previous paragraph and m 
any positive integer, {ba)~ m ^{ba) m is reduced as written so we have a contra- 
diction again. Similarly if 7 G T 2 \ T we see that (ab)~ mr y(ab) m is a reduced 
expression as written for all positive integers m, again a contradiction. 

To complete the proof of the claim we must show 7 G Z(T). To get a 
contradiction, assume that x^ = •yx' i , Xi, x\ G r,\r , i = 1, 2 and Xj 7^ x'j for 
some j. Then 7 _1 a;iX27 = an d hence 7 _1 (xiX2)™7 = (x^x^)™ 7^ (xiX2) n 
for any positive integer n > 0. This implies that 7 ^ -F(r), contrary to our 
assumption. Hence 7 G Z(T). The equality Z(T) = Z(Ti) fl ^(r 2 ) nr holds 
since T is generated by Ti U T 2 . □ 
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It follows from theorem II. II that if Z(Yi) D Z(Y 2 ) nr is torsion free then 
9 is a monomorphism. 

Let T be an HNN extension Ti>K ro = (ri,t | t~ lr yt = (p(j), 7 G r ). If 
T = (p(T ) = Ti then T is isomorphic to a semi-direct product of Ti with 
the infinite cyclic group (t). If one of r , <^(r ) - say T is a proper subgroup 
of Ti, then one has the following description of the centre of T. 

Lemma 3.5. With above notations, assume that [Yi : r ] > 1. Then Z(Y) = 
Z(Y 1 )nFix((p). 

Proof: It is easily seen that Z(Yi)r\Fix((p) C Z(Y). Also it is clear from our 
hypotheses that t p ^ Z(Y) for any p 7^ 0. Let 7 G Z{Y). If 7 G Ti, then it 
is easy to show that 7 G Z(Ti) n Fix((p). Choose right coset representatives 
for r \r 1 and <^(r )\ri. We choose 1 G T as the representative for both 
T and y?(r ). Write 7 in normal form 7 = 7ot ni 7i • ■ ■t Uk 'jk where 70 G r\, 
> 1 are among the chosen coset representatives, and ^ 0, for k > 1. 
(See p. 181 jHj.) Assume that 7 ^ Ti so that > 1. Since 7 = 7fc77^T 1 , by 
uniqueness of the normal form we conclude that 7^ = 1. 

We claim that 70 G Z(Yi)nFix(ip). Indeed, write 70 = 7^0 for some 7' G 
r and 7q chosen coset representative of r 7o- Then 7 = t~ l ^t has normal 
form ip{ r )')t~ lr ) l Qt nir )i ■ ■ -t nk+1 which again contradicts the uniqueness of the 
normal form unless 7q = 1, ^(7') = ^(70) = 7o and k — 1. Thus 70 G Fix(<p). 
Thus 7ot = £70- In particular, 7 _1 has normal expression 7 _1 = 7^ t~ ni . 
We may therefore assume that n\ < 0. Since 70 ^ ^(To) H Fix((p) and 
7o G Fix(<f), we conclude that 70 ^ ^(Ti). Choose a r -coset representative 
7" which does not commute with 70 G r . Now the normal expression for 
7 = 7 //_1 77" is 7 //_1 7 t ni 7". This again contradicts the uniqueness of the 
normal form. This shows that 70 = 1 

Now 7 = t ni 7i • • -t n \ and k > 2 as t p ^ Z(Y) for p ^ 0. It is now 
obvious that 7 7^ t~ lr yt as the normal form for t~ lr yt is t ni_1 7i • • • t nk+1 which 
is evidently different from that of 7. This contradiction shows that 7 £ Y\. 
□ 

Remark 3.6. In case Ti = To = ip(Yo), then the above description of the 
centre is not valid. For example if Y — Z*z is the fundamental group of 
the Klein bottle, namely, (t, 7 | t~ l/ yt = 7 -1 ), then Fixi^p) = 1, whereas 
Z{Y) = (t 2 ). Note that K(Y) = (t 2 , 7 ) ^ ZiY). 
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We shall now proceed to describe the FC-centre of T. For this purpose, we 
define certain subgroups T ^ C T on which one has a well-defined monomor- 
phism <p k as follows: r ,i = r , and, for k > 2, r ,fc := y? _1 (ro,A:-i) C T . 
Set F k := {7 G r ,fc | tp k (l) = l} and l gt -^00 = Uk>i F k- Note triat -^00 is a 
subgroup of r . Using Britton's lemma it is easy to show that for any 7 G T, 
one has 7 G F k if and only if t k G C(7). 

Lemma 3.7. With notation as above, assume that [Ti : r ] > 1. Then 
(i) K(T) C K(Ti) fl Fqo. 

(m,) /f-Foo = Fix(ip) is a normal subgroup ofT 1 , thenK(T) = K(Ti)nFix((p) . 

Proof: (i) Suppose 7 G K(T). Then / -ft k/ ~f~ 1 t~ k = 1 for some integer /c 7^ 0. 
Using Britton's lemma it is easy to see that 7 G F k C -F^. As it is obvious 
that tf(r) n r\ C K{Y x ) it follows that K{V) C A"(ri) n Foo. 

To prove (ii), suppose i 7 ^ = Fix{ip) and let 7 G -^(1^) fl Fix(ip). Since 
Fix(ip) and -F(ri) are normal in Ti, all Ti-conjugates of 7 are in K(Ti fl 
Fix((p). In particular, every I\ conjugate of 7 commutes with t. Since T is 
generated by I\ and t, it follows that the set of all T-conjugates of 7 is the 
same as the set of all IVconjugates. As 7 G 7^(1"!), latter set being finite, 
we conclude that 7 G K(F). □ 
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